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AN ANALYTIC APPLICATION OF GEOMETRIC
INVARIANT THEORY
NICHOLAS BUCHDAHL AND GEORG SCHUMACHER
Abstract. Given a compact Ka¨hler manifold Geometric Invariant The-
ory is applied to construct analytic GIT-quotients that are local models
for a classifying space of (poly)stable holomorphic vector bundles which
contains the coarse moduli space of stable bundles as an open subspace.
1. Introduction
The aim of this article is to apply methods of Geometric Invariant Theory
to Deformation Theory and construct a classifying space for (poly)stable
vector bundles on compact Ka¨hler manifolds (Theorem 7).
Given a semi-universal but not universal deformation of a holomorphic
vector bundle say, one cannot expect that the action of the automorphism
group G of the given object on the linear space V of infinitesimal defor-
mations provides an action on the parameter space that is compatible with
the respective family. However, this property holds in the case of polystable
vector bundles (Theorem 4), which was shown in [Bu-Sch]. It is emphasized
that due to Theorem 6, (also from [Bu-Sch]) it is possible to speak about
“(poly)stable points” referring to (poly)stable fibers or (poly)stable points
with respect to group actions so that methods of deformation theory match
the GIT approach.
The action of the reductive group G on the vector space V yields a GIT-
quotient V//G. On the other hand the parameter space S has been realized
as a closed analytic subspace of a neighborhood U ⊂ V of the origin together
with a restricted action of G. We show that there exist a G-saturated
open subset U˜ ⊃ U and a closed, G-invariant, analytic subspace S˜ ⊂ U˜
(Theorem 1).
In fact the algebraic approach to construct a GIT-quotient of S˜ cannot
be applied, but instead the analyticity of the image of S˜ in V//G has to be
shown first (Theorem 5). The image S˜//anG is called analytic GIT-quotient.
It is a closed analytic subset of the open set U˜//anG ⊂ V//G.
In case the analytic structure on S is weakly normal, the structure sheaf on
the quotient consists of invariant holomorphic functions, or more generally
the weak normalization of S˜//anG carries the G-invariant holomorphic func-
tions on the weak normalization of S˜ so that a globalization is constructed
in the weakly normal category.
In order to glue local analytic GIT-quotients together (Theorem 7) an an-
alytic application of Luna’s slice theorem is shown (Theorem 3). The result
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is a classifying space MGIT of isomorphism classes of polystable holomor-
phic vector bundles. The space MGIT carries a natural complex analytic
structure – an argument of Atiyah, Hitchin, and Singer [AHS, §6] implies the
Hausdorff property. The coarse moduli space of stable holomorphic vector
bundles is contained in the classifying spaceMGIT as the complement of an
analytic subspace.
A somewhat analogous situation holds for cscK manifolds due to a the-
orem by Sze´kelyhidi [Sz] to which the application will be given in a forth-
coming paper.
2. Analytic GIT-quotient
For the convenience of the reader we recall notions and facts from geo-
metric invariant theory as far as these will be used here. The primary refer-
ences include the work of Mumford-Fogarty-Kirwan, Ness, Hoskins, Kirwan
[MFK, Nes, Ho, Kir] and Thomas [Th] – for projective and affine GIT-
quotients and moduli of vector bundles over Riemann surfaces see New-
stead’s book and article [New, New1].
Let the reductive Lie group G act linearly on a finite dimensional complex
vector space V . A point v ∈ V \{0} is called unstable for the group action
if 0 ∈ V is contained in the closure of the orbit of v, otherwise it is called
semistable. A semistable point is called polystable if its G-orbit is closed,
and stable if it is polystable with a finite isotropy group. (The point 0 ∈ V
is not part of this classification – in the present situation it is meaningful to
define it as polystable).
The existing GIT-quotient V//G of the affine space V is an affine space
equipped with the algebra C[V ]G of G-invariant regular functions. Further-
more there exists a morphism p : V → V//G.
2.1. Restricted actions of reductive groups on complex spaces. Ac-
tions of reductive groups on analytic space germs have been investigated (cf.
G. Mu¨ller’s article [Mu¨]), however, a global approach is necessary. Applica-
tions of the Kempf-Ness Theorem [KN] will be needed first:
Assume that the group G is the complexification of a maximal compact
subgroup K, and let ρ : G → GL(V ) be a representation. By assumption
the vector space V carries a hermitian inner product with norm m, and
corresponding moment map µ for the action of G on V . In this context the
point 0 ∈ V is considered to be in V ps (with µ(0) = 0).
Theorem (Kempf-Ness [KN]).
(i) The polystable locus V ps is equal to G · µ−1(0).
(ii) Every G-orbit in V ps contains only one K-orbit of µ−1(0).
(iii) In particular the GIT-quotient V//G can be identified with the set
theoretic quotient V ps/G,
(iv) and the space µ−1(0)/K equipped with the quotient topology is home-
omorphic to the GIT-quotient V//G.
We note the following consequence:
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Remark 1. Let U ⊂ V be an open ball around 0 ∈ V with respect to
the norm m. Assume that K = SU(V ) ∩ G. Then the image of U under
p : V → V//G is an open neighborhood of p(0) ∈ V//G.
Proof. The set U is K-invariant and µ−1(0) ∩ U is open in µ−1(0). 
For moduli theoretic applications the following situation is of interest.
Let a reductive group G act linearly on a complex vector space V with
polystable locus V ps 6= {0}. Let 0 ∈ U ⊂ V be an open subset, and
0 ∈ S ⊂ U be a closed analytic subset such that for g ∈ G, s ∈ S with
g · s ∈ U the point g · s is contained in S. An equivalence relation on S is
defined by
s′ ∼ s′′ if and only if there exists g ∈ G such that s′′ = g · s′.
Definition 1 (Restricted group action). Let S be a closed analytic subset
of an open subset U ⊂ CN with 0 ∈ U , where dimT0S = N . Let G be a
reductive group with a linear action on the vector space V := T0S.
Given the action of G on V a restricted action of G on the pair (S,U) is
defined as an equivalence relation of the above kind on S.
A restricted group action on a pair (S,U) can be globalized.
Theorem 1. There exists a closed G-invariant analytic subset S˜ :=
⋃
g∈G g ·
S of the G-invariant open set U˜ :=
⋃
g∈G g · U ⊂ V such that S˜ ∩ U = S.
In general U˜ ( V , and S˜ need not be affine. In fact, by Remark 1 the set
W = p(U) is an open neighborhood of p(0).
Notation. Given a restricted group action on a pair (S,U) the tilde notation
such as S˜ ⊂ U˜ will be consistently used for the globalized spaces.
Proof of Theorem 1. Let g ∈ G be given so that U ∩ g · U 6= ∅. The set
S ∪ g · S is locally analytic in U ∪ g · U . It is an analytic subset of U ∪ g · U
if it is closed. Let S be the closure in U ∪ g · U . Take x ∈ S\S. Then
x ∈ g · S. Near this point, on a certain neighborhood U(x) of x the set
g ·S is given by certain holomorphic equations f1 = . . . = fm = 0. Consider
(g−1 · U(x)) ∩ U and the pulled back equations. Since S is invariant in the
restricted sense, these equations must vanish at x so that x ∈ g · S. The
argument is symmetric in U and g ·U , and the same argument holds for sets
g1 · U and g2 · U .
Finally, the analyticity of ∪gg ·S ⊂ U˜ follows, if this set is closed in U˜ . Let
s ∈ ∪gg · S ⊂ U˜ , say s = lim gj · sj ∈ gj0 ·U . Then g
−1
j0
· s = limj g
−1
j0
gj · sj ∈
U ∩ S so that s ∈ gj0S ⊂ S˜. 
In the algebraic setting an immediate argument shows that the ideal sheaf
of functions that vanish on the image p(S˜) in the open subset W = p(U˜) ⊂
V//G is coherent as a certain ideal of G-invariant functions on preimages
of open subsets. In the analytic setting a different approach is needed,
namely first prove the analyticity of p(S˜) by Kuhlmann’s version of Rem-
mert’s proper mapping theorem (cf. also the book by Whitney) [Ku, W, R].
4 NICHOLAS BUCHDAHL AND GEORG SCHUMACHER
Definition 2. Let f : X → Y be a continuous mapping of locally compact,
Hausdorff topological spaces with countable topology. The map f is called
semi-proper, if for any point of Y there exists an open neighborhood W and
a compact set L ⊂ X such that
f(L) ∩W = f(X) ∩W.
Obviously restrictions of semi-proper maps to closed subsets need not be
semi-proper in general.
Theorem (Semi-proper mapping theorem, [Ku, W, R]). Let f : X → Y be
a semi-proper holomorphic map of reduced complex spaces. Then f(X) ⊂ Y
is an analytic subset.
The following situation is given,
S˜

❃
❃
❃
❃
❃
❃
❃
❃


// U˜
p|U˜



// V
p

W 

// V//G
where p is rational (with restriction to a classically open subset U˜). As in
Theorem 1 the set U is a convex neighborhood of 0 of the form
U = Uc = {x;m(x) < c}
for some c > 0, and U˜ , W = p(U) = p(U˜) in the above sense.
Theorem 2. The canonical holomorphic maps p|U˜ : U˜ → W and the re-
striction p|S˜ : S˜ → W are semi-proper. In particular p(S˜) ⊂ W ⊂ V//G is
a closed analytic subset of W .
Proof. The Kempf-Ness Theorem will be applied. Let w ∈W . There exists
u ∈ V ss with minimal norm within its orbit such that p(u) = w. It follows
from the construction of U˜ and the convexity of U that u ∈ U . Choose
0 < a < b < c such that u ∈ Ua, and accordingly w is contained in the
open neighborhood Wa = p(Ua). Pick the compact set L = Ub. Then
p(L) ∩Wa = p(U˜) ∩Wa.
Now the semi-properness of p|S˜ : S˜ → W is shown. Let w ∈ W . Let
0 < a < b < c such that w ∈Wa = p(Ua) ⊂W = p(U). We claim that
p(S˜) ∩Wa = p(Ub ∩ S˜) ∩Wa.
Namely, let p(s˜) ∈Wa for some s˜ ∈ S˜. Then there exists some ŝ ∈ V
ss with
G · s˜ = G · ŝ and ŝ of minimal norm within its G-orbit. Hence ŝ ∈ Ua ⊂ Ub.
Furthermore ŝ ∈ G · s˜ ⊂ S˜ = S˜ by Theorem 1, Altogether p(s˜) ∈ p(Ub ∩ S˜),
where Ub ∩ S˜ = Ub ∩ S is compact. 
Let p : V → V//G be the quotient of a smooth (or maximal) affine space V
by a reductive group, W ⊂ V//G be an open Stein subset, and U˜ = p−1(W ).
Let S˜ ⊂ U˜ be a G-invariant closed subset whose image p(S˜) is a closed
analytic subset of W . Then
S˜ →֒ U˜ →֒ V
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is G-equivariant. (This is the motivation for the notation (S˜ →֒ U˜ →֒ V ) as
opposed to (S˜ ⊂ U˜ ⊂ V ).)
Definition 3. The triple (p(S˜) →֒ W →֒ V//G) is called analytic GIT-
quotient of S˜ by G, and denoted by
(S˜//anG →֒ U˜//anG →֒ V//G).
Note that p|S˜ : S˜ → S˜//anG identifies G-orbits (and their closures).
Remark 2. By Theorem 1 and Theorem 2 any restricted group action in
the sense of Definition 1 gives rise to an analytic GIT-quotient.
2.2. Complex structure for analytic GIT-quotients. In view of The-
orem 2 we will consider the following situation.
Let V be a smooth affine space together with the action of a reductive
group G such that all points of V are semistable. Denote by p : V → V//G
the GIT-quotient. It is known (cf. articles by Neeman [Nee, Nee1], Roberts
[Ro], Snow [Sn], and Thomas [Th]) that due to the normality of V//G the
(analytic) structure sheaf satisfies
(2.1) OV/G(W
′) = OGV (p
−1(W ′))
for any (Stein) open subset W ′ ⊂ V//G, where a holomorphic function ϕ
on a subsetW ′ of the GIT-quotient corresponds to the G-invariant function
ϕ ◦ p on p−1(W ′) ⊂ S˜.
In [Ro] Roberts studied coherent sheaves F on a space V with G-actions.
These give rise to sheaves pG∗ F on V//G. However, further assumptions are
necessary for the coherence of these in the general case (cf. also the article
by Heinzner and Loose [H-L]).
LetW ⊂ V//G be a Stein open subset, and U˜ = p−1(W ) ⊂ V . Let S˜ ⊂ U˜
be a closed, G-invariant, analytic subset. The coherence of the ideal sheaf
of G-invariant functions vanishing on S˜ will not be shown directly.
Proposition 1. Let p(S˜) = S˜//anG ⊂ W = U˜//anG ⊂ V//G be an analytic
GIT-quotient. Then for the (coherent) vanishing ideals Ip(S˜) ⊂ OV/G|W
and IS˜ ⊂ OV |U˜ the following holds:
I
p(S˜)
(W ′) = I
S˜
(p−1(W ′))G,
where W ′ ⊂ W is an open Stein set, and where I
S˜
(p−1(W ′))G denotes G-
invariant holomorphic functions that vanish on S˜.
Proof. Let ϕ ∈ Ip(S˜)(W
′). By (2.1) the function ϕ ◦ p is G-invariant and
vanishes on p−1(W ′ ∩ p(S˜)).
Conversely, let a G-invariant holomorphic function on p−1(W ′) be given
that vanishes on p−1(p(S˜) ∩W ′). By 2.1 it is of the form ϕ ◦ p, hence it
descends to ϕ with ϕ|W ′ ∩ p(S˜) = 0. 
In this sense by Proposition 1, given a G-invariant analytic set S˜ ⊂ U˜
with analytic image p(S˜) ⊂W the short exact sequence
0→ Ip(S˜) → OV/G|W → OS˜/anG → 0
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implies the exactness of
(2.2) 0→ I
S˜
(p−1(W ′))G → OV (p
−1(W ′))G → O
S˜/anG
(W ′)→ 0.
Since W ′ ⊂ V//anG is an open Stein subset, (2.2) implies the existence of a
natural injective map
(2.3) OS˜/anG(W
′) →֒ OS˜(p
−1(W ′))G.
Somewhat more can be said for weak normalizations.
2.3. Weakly normal complex spaces. It will be necessary to restrict
underlying spaces to the “normal category”, i.e. to spaces whose structure
sheaves are weakly normal or maximal. A reduced complex space is called
weakly normal if continuous holomorphic functions on the regular locus of an
open subset extend holomorphically to the given open subset. The condition
is equivalent to saying that any continuous, weakly holomorphic function
(i.e. holomorphic outside a nowhere dense analytic subset) is holomorphic.
A reduced complex space S possesses a weak normalization ν : Ŝ → S:
the underlying topological space of Ŝ is the same, and any holomorphic map
of reduced complex spaces possesses a unique lift to the weak normalizations
(cf. the book by L. Kaup and B. Kaup [K-K, §72]).
Notation. In the sequel Ŝ → S etc. will always denote the weak normaliza-
tion of (the reduction of) a complex analytic space.
The analytic quotient S˜//anG carries various complex structures.
Proposition 2. Given a restricted action of G on S ⊂ U there exist natural
embeddings for open, Stein subsets W ′ ⊂ U
(2.4) OS˜/anG(W
′) →֒ OS˜(p
−1(W ′))G →֒ O
˜̂S/anG
(W ′).
If S ⊂ U is weakly normal, then the above embeddings are isomorphisms.
Proof. The first embedding is known from (2.3). Let a G-invariant holomor-
phic function ψ on S˜ ∩ p−1(W ′) be given. Then ψ descends to a continuous
function ϕ that is holomorphic, where the projection p is of maximal (dif-
ferential) rank. Hence ϕ is holomorphic on the weak normalization of the
analytic GIT-quotient.
If S is weakly normal, then so is S˜. The analytic GIT-quotient S˜//anG
exists and by [K-K, §72.4] again is weakly normal. 
Let Ŝ → S be the weak normalization. Since holomorphic maps from S
to itself lift in a unique way to Ŝ, there is a restricted group action on Ŝ,
where Definition 1 is generalized accordingly. Hence, the globalized space
˜̂
S
exists and is equal to
̂˜
S. (The underlying topological space is equal to S˜.)
An analytic GIT-quotient of the form S˜//anG so far were only defined as
images of S˜ in W ⊂ V//G. In addition to that only its weak normalization
can be defined.
Proposition 3. The structure sheaf of the weak normalization of S˜//anG
satisfies
O
˜̂S/anG
(W ′) = Ô˜
S
(p−1(W ′))G
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for Stein open subspaces W ′ ⊂W .
Proof. The pull-backs of continuous functions on (S˜//anG)∩W
′ that are holo-
morphic on the complement of a nowhere dense analytic subset of S˜//anG
give rise to holomorphic functions on
̂˜
S that are G-invariant. Conversely,
any G-invariant continuous function on p−1(W ′)∩ S˜ that is holomorphic on
the complement of a nowhere dense analytic set in S˜ descends to a con-
tinuous function on the quotient, because it is constant on G-orbits, and
consequently constant on closures of G-orbits. Also it is holomorphic on a
set of the above kind, hence holomorphic on the weak normalization of the
quotient. 
It is emphasized that so far analytic GIT-quotients ofG-invariant, reduced
analytic spaces are only defined, when these are equivariantly embedded into
open (with respect to the classical topology) subsets of affine spaces. More
could be said, if the given space S ⊂ U itself is weakly normal. However, this
assumption cannot be made for the intended applications. Yet holomorphic
functions on the weak normalization
̂˜
S//anG are exactly the G-invariant
holomorphic functions on the globalized weak normalization
˜̂
S.
3. Slice theorem for analytic GIT-quotients
Luna’s slice theorem [Lu] (see also the exposition by Dre´zet [D]) can be
applied in the analytic case.
3.1. Algebraic case. Let the reductive group G act on an affine space
(or vector space) V . If the G-orbit of a point s ∈ V is closed, then by
Matsushima’s theorem the stabilizer subgroup Gs is reductive again.
Let Y be a Gs-invariant affine subspace containing s, and G × Y → V
be the canonical G-equivariant map, where the left action of G on itself
defines an action on G × Y . The left action of Gs on G together with the
action of Gs on Y is given by γ · (g,w) = (gγ
−1, γw) for γ ∈ Gs, g ∈ G,
and w ∈ Y . It defines a GIT-quotient (G × Y )//Gs for which the notation
G×Gs Y is common usage. Now G×Gs Y//G ≃ Y//Gs. Altogether there is
a commutative diagram
G× Y//Gs = G×Gs Y

ψ
// V0 ⊂ V

Y//Gs ≃ (G×Gs Y )//G
ψ
// V0//G ⊂ V//G
where ψ and ψ are induced by the action of G. The spaces V0 and V0//G
are the images of ψ and ψ resp. in the sense below.
Theorem (Luna, [Lu][D, Thm. 5.3, 5.4]). Let G be a reductive group acting
on an affine variety V with closed orbit G · s. Then there exists a slice Y
through s, i.e. a Gs-invariant affine subvariety such that the map ψ is e´tale
onto an open, G-invariant subvariety V0 ⊂ V , and such that ψ is e´tale onto
V0//G. If V is smooth at s so is Y .
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Let V ′ ⊂ G ×Gs Y be a closed G-invariant subvariety. Then there exists
a closed Gs-invariant subvariety Y
′ of Y such that V ′ = G×Gs Y
′.
Note that the dimension of the isotropy subgroups of G is not assumed
to be constant.
3.2. Application to analytic GIT-quotients. For any analytic applica-
tion the property e´tale will be replaced by locally biholomorphic, and the (an-
alytic) structure sheaves of analytic GIT-quotients such as p : S˜ → S˜//anG of
weakly normal complex spaces consist of holomorphic G-invariant functions
on pull-backs under the projection p.
Let S˜ →֒ U˜ →֒ V be given as in Section 2.2 where V is a smooth affine
space. In particular, referring to Definition 3, let s ∈ S˜ be a point with
a closed G-orbit, and let Y be a slice through s for the action of G on V
according to the slice theorem. Without loss of generality let S˜ ⊂ V0.
In the process the space U˜ is replaced by a smaller saturated open sub-
space that contains s and that is of the form p−1(W ). Accordingly the
algebraic slice Y will be replaced by Y˜ = U˜ ∩ Y . The analytic quotients
(G× Y˜ ))//anGs, Y˜ //anGs, and Y˜ //anG exist, and the structure sheaves con-
sist of Gs- and G-invariant functions according to Proposition 2. Altogether
there exist analytic quotients and locally biholomorphic, surjective maps ψ
and ψ
(3.1)
(G× Y )//Gs
ψ
−→ V0
∪ ∪
(G× Y˜ ))//anGs −→ U˜
↓ p ↓ p
Y˜ //anGs → U˜//anG
∩ ∩
Y//Gs
ψ
−→ V0//G.
With the above notation the following theorem holds.
Theorem 3 (Application to analytic GIT-quotients). Let the reductive
group G act on a smooth (or weakly normal) affine space V , and as above
let S ⊂ U ⊂ V be a G-invariant analytic subset with 0 ∈ S. Then for points
0 6= s ∈ S˜ the following holds: Let the orbit G · s ⊂ V be closed. Then
(i) There exists the slice S˜ ∩ Y˜ for the action of Gs on S˜, namely a
locally biholomorphic map from (G× (S˜ ∩ Y˜ ))//anGs to S˜.
(ii) The action of G defines an analytic GIT-quotient
(G× (S˜ ∩ Y˜ )//anGs)//anG ≃ (S˜ ∩ Y˜ )//anGs,
and a locally biholomorphic map to S˜//anG
G× (S˜ ∩ Y˜ )//anGs
ψ
−→ S˜
↓ p ↓ p
(S˜ ∩ Y˜ )//anGs
ψ
−→ S˜//anG.
Proof. Consider the multiplication map G × Y˜ → S˜. If g · y ∈ S˜, then
obviously y ∈ S˜ so that y ∈ S˜ ∩ Y˜ , hence ψ−1(S˜) = G × (Y˜ ∩ S˜)//anGs.
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This proves (i). The same argument and (3.1) yield (ii). Observe that the
analytic GIT-quotient is defined as an image under a projection map. 
4. Deformations of holomorphic vector bundles
We will fix some notation now. Let X be a compact complex manifold,
which will be equipped later with a Ka¨hler form ωX . A holomorphic family
(Es)s∈S of holomorphic vector bundles on X parameterized by a (reduced)
complex space S is given by a holomorphic vector bundle E over X×S such
that Es = E|X × {s}. Deformations ξ of a fixed holomorphic vector bundle
E are defined over complex spaces (S, s0) with a distinguished point s0 ∈ S
(or a “pointed” complex space). Such an object consists of a holomorphic
family E over S together with an isomorphism χ : E
∼
−→ Es0 . Accordingly
an isomorphism of two deformations of a bundle E over the same space is
an isomorphism of holomorphic families that is compatible with the given
identifications of central fibers with E. Consequently, a change of χ usually
generates a non-isomorphic deformation (unless χ can be extended to the
whole family).
During most arguments that involve deformations a parameter space has
to be replaced by a neighborhood of the distinguished point. In this sense
space germs are being used as parameter spaces for deformations.
Let β : (R, r0) → (S, s0) be a holomorphic map of spaces with distin-
guished points, and ξ a deformation of E over (S, s0). The base change map
assigns to ξ a deformation β∗ξ over (R, r0), which is given by the pull-back
β∗E of the corresponding family together with the induced isomorphism of
E and the fiber β∗E|X × {r0} = Es0 .
Infinitesimal deformations of a bundle E are by definition deformations
over the “double point” D = (0,C[t]/(t2)) ⊂ (C, 0), and tangent vectors
v ∈ Ts0S correspond exactly to holomorphic maps v : D → S sending the
underlying point to s0 ∈ S. The space of isomorphism classes of infini-
tesimal deformations of E can be identified with the complex vector space
H1(X,End(E)). In this set-up, given a deformation ξ, the Kodaira-Spencer
map
ρ : Ts0S → H
1(X,End(E))
sends a tangent vector v to the pull-back v∗ξ, which is the “restriction of
the given deformation to the direction given by the tangent vector v”.
A deformation ξ is called complete, if any other deformation is of the form
β∗ξ, where β is a base change map – it is called semi-universal, if in addition
the derivative Tr0β at the distinguished point is uniquely determined. Here
the notions of deformation theory (except for deformations over the double
point) will also be restricted to the “normal category” i.e. the base spaces
will also weakly normal spaces.
More precisely, let E be a polystable holomorphic vector bundle on
(X,ωX), and ξ a semi-universal deformation of E over a complex analytic
space (S, s0). In order to have a halfway simple notation deformations are
restricted to the category of reduced spaces first, and (S, s0) will always
denote a reduced complex space. Concerning the Kodaira-Spencer map the
restriction to reduced complex analytic spaces yields values in a linear sub-
space of V = H1(X,End(E)).
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Denote by (Ŝ, s0) the weak normalization of (S, s0) (cf. [K-K]). The un-
derlying topological spaces are the same. The pull-back ξ̂ of ξ under the
natural map ρ : Ŝ → S is a semi-universal deformation for E in the category
of weakly normal spaces: If ζ is a deformation of E over a weakly normal
complex space such that ζ = γ∗ξ for some base change map γ : Q→ S, the
lifting property of the weak normalization implies that γ = ρ ◦ β for some
map β : Q→ Ŝ so that ζ = β∗ξ̂.
When considering the group action the group may be tacitly divided
by the ineffectivity kernel, if necessary, to meet pertinent definitions also
formally.
5. Application to deformations of polystable vector bundles
Let again (X,ωX ) be a compact Ka¨hler manifold. For a polystable vector
bundle the base of a semi-universal deformation ξ in general contains positive
dimensional local analytic subsets, namely parts of G-orbits of semistable
(but not polystable points). Also, in general, stable points give rise to local
analytic sets, where the fibers are isomorphic. This fact can be illustrated
as follows. If the tangent cohomology Hq(X,End(E)) vanishes for q ≥ 2
then for E = E0 polystable and Es stable for some s near s0 we have 0 <
h0(X, Es0) − h
0(X, Es) = h1(X, Es0)− h
1(X, Es). Now ξ induces a complete
deformation of Es (“openness of versality”), but the dimension of the smooth
space S is too large for universality at s 6= s0 so that the deformation ξ
restricted to a positive dimensional local analytic set has to be trivial. This
situation needs to be handled by an (analytic) GIT approach.
Theorem 4 ([Bu-Sch][Theorem 1]). For any polystable vector bundle on
a compact Ka¨hler manifold there exists a semi-universal deformation with
a parameter space (S, s0) such that the action of the group of holomorphic
automorphisms Aut(E) on the tangent space of S at s0 extends to an action
on the space germ of S at s0 that is compatible with the holomorphic family
of vector bundles.
The space S has been realized as an analytic subspace of an open neighbor-
hood U of s0 = 0 in the space of infinitesimal deformations H
1(X,End(E))
of the form S = Ψ−1(0), where Ψ : U → H2(X,End(E)) has been con-
structed as an Aut(E)-equivariant map in the restricted sense of Definition 1.
For a suitable chosen open set U all fibers of points from S correspond to
semistable vector bundles.
In other words, the action of G = Aut(E) on V gives rise to a restricted
action on S ⊂ U ⊂ V in the sense of Section 2.
Theorem 5. Let a polystable vector bundle E on a compact Ka¨hler manifold
(X,ωX) be given. Then a semi-universal deformation of E over a space
0 ∈ S ⊂ U ⊂ V together with the reduced action of G = Aut(E) on the
space V of infinitesimal deformations gives rise to an analytic GIT-quotient
S˜//anG which is a closed reduced subspace of an open subset U˜//anG of the
GIT-quotient V//G.
The following correspondence will also be crucial:
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Theorem 6 ([Bu-Sch, Thm. 3]). A class s ∈ S = Ψ−1(0) ⊂ H1(X,End(E))
is (poly)stable with respect to the action of Aut(E) if and only if the corre-
sponding bundle Es is (poly)stable with respect to the given Ka¨hler metric.
For the property of semi-stability such an analogy does not exist: In gen-
eral there may be points s ∈ S\V ss that correspond to semi-stable bundles
(cf. [Bu-Sch, §9]). A change of the affine space can turn non-semistable
points into semistable ones.
5.1. Change of affine space. In principle the special roˆle of the origin in
V with respect to the group action is not intended. Points that are unstable
have the same status as points that are semistable but not polystable. One
can use the following auxiliary affine space.
Set V0 = C× V .
Lemma 1. A given action of G on V is extended to V0 by the identity on
C, i.e. g · (ζ, v) := (ζ, g · v). Then the following holds (again after dividing
by the ineffectivity kernel). Let (ζ, v) ∈ V0.
(i) G(ζ,v) = Gv
(ii) G · (ζ, v) = {ζ} ×G · v
(iii) Let ζ, v 6= 0, then (ζ, v) is G-(poly)stable, if and only v has this
property. Let ζ 6= 0, then (ζ, 0) is G-polystable, and all (ζ, v) are
G-semistable points.
Observe that C[V0] = C[ζ]⊗C[V ], and accordingly C[V0]
G = C[ζ]⊗C[V ]G
so that V0//G = C× (V//G).
Nevertheless in the sequel the original spaces will be used.
5.2. Analytic GIT-quotient for parameter spaces of holomorphic
vector bundles. In order to apply analytic GIT theory deformation theory
has also to be taken in the weakly normal category. Given a semi-universal
deformation of a polystable vector bundle, the parameter space S can be
chosen so that the triple
(S →֒ U →֒ V )
satisfies the assumptions of Theorem 5.
Eventually all points of S˜//anG correspond to holomorphic vector bun-
dles or equivalence classes of holomorphic vector bundles as in the case of
algebraic GIT-spaces. In Section 2.3 the weak normalization Ŝ of S and its
globalization
̂˜
S =
˜̂
S were discussed.
Proposition 4. Let E → X × S be a holomorphic family of vector bundles
over a compact Ka¨hler manifold (X,ωX) parameterized by an irreducible,
reduced space Q. Then there exists an analytic subset A ⊂ Q such that all
bundles Es for s ∈ Q\A possess a universal deformation.
Proof. Let F be the sheaf of trace-free holomorphic endomorphisms of E .
Then the above locus is contained in the support of pr∗F , where pr : X×S →
S denotes the canonical projection. 
Given a deformation of a polystable bundle over a space (S, 0) the set
A ⊂ S from Proposition 4 is G-invariant in the restricted sense and gives
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rise to a GIT-subspace A˜//anG ⊂ S˜//anG, whose points represent polystable,
non-stable vector bundles.
Remark 3. The set of polystable, non-stable points in the analytic GIT-
quotient S˜//anG is a closed analytic subspace.
The following fact will be needed.
Proposition 5 ([Bu-Sch][Corollary 4.6]). Let p > 2 dim(X). Then the
(pointwise) quotient Ψ−1(0)/G can be identified with F/G, where F denotes
the space of Lp1 integrable connections near the given Hermite-Einstein con-
nection d0 on E, and G denotes the corresponding complexified gauge group:
parameters with isomorphic fibers are actually contained in the same G-orbit.
Let S = Ψ−1(0) ⊂ U be the base of a semi-universal deformation of a
polystable bundle. Two points s′, s′′ of S will be identified, s′ ∼ s′′, if the
fibers Es′ and Es′′ are isomorphic. By Proposition 5 this is exactly the case,
if s′ = g · s′′ for some g ∈ G. Conversely, if s′, s′′ ∈ S˜ then there exist
g′, g′′ ∈ G such that g′ · s′, g′′ · s′′ ∈ S. If these points of S are equivalent
s′ = g ·s′′ holds for some g ∈ G so that the topological spaces S˜/G and S/∼
can be identified.
After applying the methods from Section 2 to the reduced action of G to
this standard situation the following holds.
Lemma 2. Let ξ be a semi-universal deformation of a polystable bundle
over (S, 0), and η : (S, 0) → (S, 0) a holomorphic map (of germs) such
that η∗ξ ≃ ξ. Then η is an isomorphism, whose derivative at the origin
is the identity. The map η defines a map S1 → S2, where S1, S2 ⊂ S are
neighborhoods of the origin that extends to a map S˜1 → S˜2 and descends to
an isomorphism of weak normalizations
˜̂S1//anG ∼−→ ˜̂S2//anG.
Proof. The property of ξ being a semi-universal deformation implies that
η is an isomorphism with T0η = idT0S . Represent η by an isomorphism
denoted by the same letter η : S1 → S2 of suitable neighborhoods of the
origin. Note that the construction of the analytic GIT-quotient contains
the fact that the maps S˜j → S˜j//anG etc. are still surjective when restricted
to Sj ⊂ S˜j. Due to the construction of η and Proposition 5 the map η is
constant on closures of G-orbits, in particular it is G-invariant. The claim
now follows by Proposition 3. 
Let again a semi-universal deformation ξ of a polystable bundle over (S, 0)
be given, and the induced action of G on (S →֒ U →֒ V ). Let s0 ∈ S
correspond to a polystable bundle Es0 .
Let R ⊂ UR ⊂ VR denote the base of a semi-universal deformation ζ
of Es0 with restricted group action of H on (R →֒ UR →֒ VR) with VR =
H1(X,End(Es0)). Now there exist base change maps of space germs α :
(S, s0)→ (R, 0) and β : (R, 0)→ (S, s0) such that α
∗ζ = ξs0 and β
∗ξs0 = ζ,
because of completeness and semi-universality of ξs0 and ζ resp. By Lemma 2
the map α◦β induces an isomorphism of neighborhoods of the distinguished
point which descends to an isomorphism (near the distinguished point) of
the weak normalization of R˜//anH.
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Lemma 3. The map β descends to a holomorphic map
β : ˜̂R//anH → ˜̂S//anG.
Proof. It is already known that β gives rise to a holomorphic map β˜ : R→
S˜//anG. Points with isomorphic fibers are mapped to points with isomorphic
fibers so that the topological space R/H is mapped homeomorphically onto
an open subset of the topological space S/G, and points corresponding to
polystable bundles i.e. polystable points with respect to the group action of
H go to polystable points with respect to G. In particular the holomorphic
map β˜ is constant on G-orbits. Any holomorphic function on S˜//anG is
pulled back under β to an H-invariant function on R˜. The claim follows
from Proposition 2 and Proposition 3. 
In order to descend the map α : (S, s0)→ (R, 0) to GIT-quotients, first a
slice Q ⊂ S through s0 for the action of G on S is chosen (and α is restricted
to Q) so that G×Q//anGs0 ⊂ S˜//anG is an open neighborhood of the image
of s0.
Lemma 4. The map α : (S, s0)→ (R, 0) descends to a holomorphic map
̂˜
S//anG ⊃
̂
Q˜//anGs0
α
−→ ˜̂R//anH
where Q˜//anGs0 ⊂ S˜//anG is an open neighborhood of the image of s0.
Proof. Once the analytic slice is chosen, the proof is the same as the proof
of Lemma 3. 
Note that the analytic slices are not shown to be parameter spaces of
semi-universal deformations – identification takes place only after passing
to the analytic GIT-quotient.
Remark 4. By [Bu-Sch, Theorem 4.7] it follows that H = Gs0 .
Proposition 6. Let ξ be a semi-universal deformation with parameter space
(S, 0), let s0 ∈ S be a polystable point, denote by ξs0 the induced deformation
of the fiber at s0, and let ζ be a semi-universal deformation of ξs0 over a base
space (R, 0). Let α : (S, s0)→ (R, 0) and β : (R, 0)→ (S, s0) be holomorphic
maps of induced space germs such that α∗ζ = ξs0 and β
∗ξs0 = ζ. Let Q be a
slice for the action of G on S through s0 so that Q//anGs0 can be identified
with a neighborhood of the image of s0 in S//anG.
Let H and G be the automorphism groups of the central fiber and the
isotropy group of s0 resp. Then the base change morphisms descend to iso-
morphisms of the weak normalizations of analytic GIT-quotients near the
points 0 and s0 after replacing the respective spaces by neighborhoods of the
distinguished points:
R̂//anH
β
∼
// ̂Q//anGs0
α
∼
// R̂//anH
Proof. The above holomorphic maps were constructed in Lemma 3 and
Lemma 4. They are homeomorphisms of the whole spaces and isomorphisms
on the complements of thin analytic sets. Moreover, by Lemma 2 the map
α ◦ β is an isomorphism. For weakly normal spaces this is only possible, if
both maps are isomorphisms. 
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Remark 5. If Es0 is stable, then H is trivial.
Remark 6. In the preceding three lemmas and in Proposition 6 the resulting
maps and spaces are determined by the respective semi-universal deforma-
tions taken in the weakly normal category. Still the construction of analytic
GIT-quotients (and the analytic slice theorem) involves base spaces of semi-
universal deformations in the general sense.
6. Application to moduli of holomorphic vector bundles
The aim is to construct a complex space whose local models are analytic
GIT-quotients such that the complement of a closed analytic set is the coarse
moduli space of stable holomorphic vector bundles. As above all complex
spaces are taken to be weakly normal.
The local model was constructed in Theorem 5. By general theory, in par-
ticular the Kempf-Ness Theorem, and Proposition 4, and by Proposition 5
the points of the space correspond to isomorphism classes of polystable vec-
tor bundles. An analytic version of Luna’s slice theorem was shown and
Proposition 6 provides the gluing of (weakly normal) local analytic GIT
models. Namely, when two such models contain a point with (polystable)
isomorphic fibers E say, each of the models is locally isomorphic to the
GIT-quotient constructed from a semi-universal deformation of E.
Finally the Hausdorff property of the resulting space follows from argu-
ments of Atiyah, Hitchin, and Singer [AHS, §6].
Theorem 7. Given a compact Ka¨hler manifold there exists a complex space
MGIT , whose local models are analytic GIT-quotients of parameter spaces
of holomorphic vector bundles with a restricted group action.
The space MGIT contains the coarse moduli space M of stable holomor-
phic vector bundles as an open subspace. The complement MGIT \M is a
closed analytic subspace, whose points correspond to isomorphism classes of
polystable, non-stable vector bundles.
Definition 4. Let K be the class of polystable (including stable) vector bun-
dles on the given compact Ka¨hler manifold. A weakly normal complex space
N is called classifying space for K, if the following conditions hold.
(i) The points of N correspond to isomorphism classes of polystable,
holomorphic vector bundles on the Ka¨hler manifold X,
(ii) Let E be a holomorphic family of holomorphic vector bundles on
X × S, where S is a weakly normal complex space, such that the
fiber Es0 = E|X × {s0}, of a point s0 ∈ S is polystable. Then there
exists a unique holomorphic map ϕ : S → N such that ϕ(s) ∈ N
corresponds to the isomorphism class of Es provided Es is polystable
after replacing S by a neighborhood of s if necessary.
(iii) If N˜ is a further weakly normal complex space satisfying (i) and (ii)
with holomorphic maps ϕ˜ : S → N˜ for a family over a space S in
the sense of (ii), then there exists a unique map χ : N → N˜ such
that χ ◦ ϕ = ϕ˜.
Proposition 7. The space MGIT is a classifying space for the class of
polystable holomorphic vector bundles on a compact Ka¨hler manifold.
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Proof. The first condition follows from the construction. The uniqueness of
any such map ϕ follows, since it is uniquely determined on the stable locus.
So it is sufficient to verify condition (ii) locally. Let a holomorphic family of
the respective kind over a space Q be given. Let Eq0 be a polystable bundle.
The family can be interpreted as a deformation so that it is generated by
a base change morphism ψ : Q → S with a semi-universal deformation
over (S, s0) say. The parameter space S defines a local model
̂˜
S//anG ⊂
MGIT . Now ϕ = (p|S) ◦ ψ, lifted the the weak normalization has the
desired properties. Let N˜ be a further space satisfying conditions (i) and
(ii). Then there exists a natural bijection χ : MGIT → N˜ between these
spaces. It has to be shown that χ is holomorphic.
An open subset of MGIT is given by a local model. Let a semi-universal
deformation of a polystable bundle be given with base space S. Then there
is a natural map
̂˜
S → ̂˜S//anG ⊂MGIT
together with a holomorphic map f : Ŝ → N˜ , which is constant on G-orbits.
For any open set W ⊂ N˜ the map f yields
ON˜ (W )→ Ô˜S
(f−1(W )); ϕ 7→ ϕ ◦ f
which has values in the set of G-invariant functions. Therefore, by Propo-
sition 3, the map f factors through
̂˜
S//anG as a holomorphic map. This
proves that χ restricted to the open set ˜̂S//anG ⊂MGIT is holomorphic.
The space MGIT contains the coarse moduli space of stable holomorphic
vector bundles by Remark 5. 
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